The purpose of this paper is to study the cyclic self orthogonal codes over Z p m .
Introduction
In recent time , self-orthogonal codes over finite rings have been studied extensively because of their close connection with other mathematical structure such as block design , lattices and modular forms . The complete structure of cyclic codes of odd length over Z 4 have been discussed in series of papers [13, 15, 17] . In [2, 3, 4, 6, 12, 14, 18] , the cyclic codes of odd length over finite rings have been presented . Cyclic codes over Z p e of length N where p does not divide N have been discussed in [9, 13] . In [11] , this work was completed by studying cyclic codes of repeated roots over Z p m . The structure of self-dual and self-orthogonal codes over Z 4 have been discussed in [1] . In [5] , Dougherty et studied the self-dual and self-orthogonal codes over Z 2 m . Hoffman has given excellent summary of self-dual codes over finite rings in [7] . The intersection of cyclic codes and orthogonal codes is called the cyclic self-orthogonal codes . Cyclic self-orthogonal codes over Z 2 m of odd length were investigated by Qian et al. in [10] and generator polynomial for such codes were given . Generally, cyclic self-orthogonal codes finite chain ring can * singh.ak.am@ismdhanbad.ac.in, narendrakumar9670@gmail.com 1 be studied in two folds : simple root cyclic self-orthogonal codes, if the code lengths are coprime to the characteristic of ring ; otherwise we have so called repeated root cyclic self-orthogonal codes . In this paper we study simple root cyclic self-orthogonal codes over Z p m .
In this paper , we study simple root cyclic self-orthogonal codes over Z p m by using generator polynomial . The paper is organized as follows . In sec 2 , we give some definition and results related with this work . Generator polynomial is given for the simple root self-orthogonal cyclic codes in sec 3 . sec 4 gives sufficient and necessary condition for the existence simple root cyclic self-orthogonal codes over Z p m . In sec 5, cyclic self-dual codes over Z p m for the simple root are studied . Summery of this paper given in sec 6 .
Preliminaries
The ring Z p m is a local principal ideal ring with maximal ideal p . Each element a ∈ Z p m can be expressed uniquely in the form
where a i ∈ [0, 1, 2, .......p − 1] for 0 ≤ i ≤ m − 1. Two polynomials are coprime if
. By Hensel's lemma [15, lemma2.8] , f(x) can factor uniquely as a product of monic basic irreducible pairwise coprime polynomials.
The Galois ring GR(p m , ν) of characteristic p m and cardinality p mν is a finite chain ring of length m. The ring GR(p m , ν) is isomorphic to the residue class ring
A linear code C of length n over Z p m is a Z p m -submodule of Z n p m , A linear code C of length n over Z p m is called cyclic if it is invariant under the cyclic shift operator τ :
A codeword c = (c 0 , c 1 , ....., c n−1 ) ∈ C can be written as in polynomial form c(x) = c 0 + c 1 x + ..... + c n−1 x n−1 . A code over Z p m is cyclic if and only if it is ideal in the ring Z p m / x n − 1 . Throught this paper , we take the length n is odd . We know that the
Given two n-tuples u = (u 0 , u 1 , , ...., u n−1 ) and
Euclidean inner product is defined as u.
For a linear code C over Z p m of length n ,the dual code of C is defined as
for all g(x) ∈ C,then it is obvious that f * (x) must be in C ⊥ [12] . Following result gives generator polynomials for cyclic code C. Theorem 2.1. (see [6, 12, 14] ) Let C be a cyclic code over Z p m of length n.Then there exists a unique family of pairwise co-prime polynomials
3 Generator polynomials of cyclic self-orthogonal codes over
In this section , we first give an alternative generator for a cyclic code of length n over Z p m , which depends on the unique factorization of
. Let x n − 1 can be unique factored into monic basic irreducible polynomials in Z p m [x] given below
Set s 0 = 0 and s m+1 = r.
.We know from Theorem 2.1, a cyclic code C of length n over Z p m is given by
Using Hensel's lemma,we can factored
into monic basic irreducible polynomials
.., m + 1, be defined as above .
Theorem 3.1. Using above notations,let C be cyclic code of the length n over Z p m is of
m are relatively co-prime, so, there exists
the left-hand side of (2), we get that there exists a 0 (x),
Multiplying both sides of (3) by F (x),we have
From (4) and (5), we obtain that
For cardinality of cyclic code C If each F j = 1(0 ≤ j = m − 1). Then they are pairwise, co-prime and thus we have
Thus ,
From the above theorem , we see that generator polynomials of cyclic codes of length n over Z p m depend on the factorization of x n + 1 over Z p m . Let x n + 1 can be factored into monic basic irreducible polynomials in Z p m [x] , written as
where
The fallowing result gives the generator polynomials of dual codes of cyclic over Z p m . 6) . Let C be a cyclic code over Z p m of length n with generator polynomial
where 0 ≤ ℓ i , κ j , λ j ≤ m for each 1 ≤ i ≤ s and 1 ≤ j ≤ t.Then its dual code C ⊥ has generator polynomial
Proof. Let D be the cyclic code over Z p m of length n with generator polynomial as given 
The equation (7), if we take ℓ i = m for each 1 ≤ i ≤ s and κ j = λ j = m for each 1 ≤ j ≤ t,then we find that C = 0 ;if we take ℓ i = ⌈m/2⌉ for each 1 ≤ i ≤ s and κ j = λ j = ⌈m/2⌉ for each 1 ≤ j ≤ t,then C = p ⌈m/2⌉ .By theorem 3.3, these two codes are both self-orthogonal . Thus, there exist at least two cyclic self-orthogonal codes over Z p m for any odd length n . Theorem 3.3 shows that cyclic self-orthogonal codes over Z p m of length n can be determined by monic basic irreducible divisors of x n + 1 over Z p m and their exponents. 
Example 3.1. Consider cyclic self-orthogonal codes over Z 8 of length 7.
Here f 1 (x) is self-reciprocal over Z 8 ,and f 2 (x) and f 3 (x) are a reciprocal polynomial pair over Z 8 .There exist 20 cyclic self-orthogonal code over Z 8 of length 7 . Their generator polynomials are
Existence of cyclic self-orthogonal codes over Z p m
In this section , we examine the conditions for the existence of cyclic self-orthogonal codes over Z p m . It fallows from Theorem 3.3 that there are at least two cyclic self-orthogonal codes 0 and p ⌈m/2⌉ over Z p m for any odd length . 
It fallows that C = G(x) is contained in p ⌈m/2⌉ . Therefore , C is a trivial cyclic self-orthogonal code over Z p m .
Case (2) . suppose that there exist basic irreducible reciprocal polynomial pairs in the factorization of x n + 1 in Z p m [x], i.e. δ(n) = 0 . Then, by using Theorem 3.3 , the cyclic code over Z p m of length n with generator polynomial
8 is self-orthogonal. Thus above code is not of the form p ⌈m/2⌉ . Hence , it is a nontrivial cyclic self-orthogonal code over Z p m . Thus , we have obtained the fallowing result. Proof. Let γ be the multiplicative order of pmod (n) . Then , there exists a primitive nth root of unity in GR(p m , ν). Let ν i be size of the p-cyclotomic coset modulo n containing i for each i ∈ 0, 1, 2, ...., n − 1 . Let f(x) be the a monic basic irreducible divisor of and ⌈m⌉ ≤ κ j + λ j ≤ 2m for each 1 ≤ j ≤ δ(n),which means that ⌈m/2⌉ ≤ ℓ i ≤ m for each 1 ≤ i ≤ γ(n) and ⌈m/2⌉ ≤ κ j , λ j ≤ m for each 1 ≤ j ≤ δ(n).
Corollary 4.1. Let x n + 1 have the unique factorization over Z p m as given in (6),where s = γ(n) and t = δ(n)
(1) The number of trivial cyclic self-orthogonal codes overZ p m of length n is
(2) The number of nontrivial cyclic self-orthogonal codes over Z p m of length n is
5 Cyclic self-dual codes over Z p m
In this section ,we explain cyclic self-dual codes over Z p m for any odd length . We know that x n + 1 can factored into monic basic irreducible polynomials in Z p m [x] written as
and
. Let C be a cyclic code of length n over Z p m with generator polynomial
where 0
The 
where 0 ≤ κ i ≤ m for each 1 ≤ j ≤ δ(n).
Note that the exponents of the polynomials of each irreducible reciprocal polynomial pair should sum upto m . The number of choices of each κ i is exactly m + 1 . Thus ,we get following result.
Then the number of cyclic self-dual codes of length n over Z p m is (m+1) δ(n) . Moreover,the code p m is the unique trivial cyclic self-dual code . Proof. Let C be the cyclic self-dual code over Z p m of length n with generator polynomial G(x) as in (15) .If C be the trivial self-dual code p m/2 ,then it is obvious that C is of Type I. Hence , we only we need to consider the case that C is non trivial . In this case , δ(n) = 0. For each 1 ≤ i ≤ δ(n), note that κ i and m − κ i must be in the range m/2 and m. So ,we can have that the generator polynomial G(x) as
where m/2 ≤ κ i ≤ m for each 1 ≤ j ≤ δ(n). Then for some r 1 (x) ∈ Z p m [x]/ x n − 1 it can be seen that ω E (F (x)) = p m (1 + pl), for some integer l. This shows that ω E (F (x)) is not multiple of p m+1 . This proves that C is of Type I . over Z 8 for odd length up to 99 , where N t ,N n and N c denote the number of trivial cyclic self-orthogonal codes ,non-trivial cyclic self-orthogonal codes and cyclic self-dual codes,respectively. Theorem 5.3 points out that cyclic self-dual codes over Z p m of odd length are always of Type I.
conclusion
In this paper we have given cyclic self-orthogonal codes over Z p m of odd length by calculating generator polynomial . Here we have given a necessary and sufficient condition for the existence of nontrivial cyclic self-orthogonal codes over Z p m . We have determined the enumerator of cyclic self-orthogonal codes over Z p m for a fixed odd length . Cyclic self-dual codes over Z p m of odd length are type I have shown . An interesting problem is to study cyclic self-orthogonal codes over Z p m of odd length when characteristic of ring divide the length of code .
